

View

Online


Export
Citation

RESEARCH ARTICLE |  AUGUST 09 2024

Deep-learning design of electronic metasurfaces in
graphene for quantum control and Dirac electron
holography
Chen-Di Han  ; Li-Li Ye  ; Zin Lin; Vassilios Kovanis  ; Ying-Cheng Lai  

APL Mach. Learn. 2, 036105 (2024)
https://doi.org/10.1063/5.0216271

 09 August 2024 16:17:56

https://pubs.aip.org/aip/aml/article/2/3/036105/3307404/Deep-learning-design-of-electronic-metasurfaces-in
https://pubs.aip.org/aip/aml/article/2/3/036105/3307404/Deep-learning-design-of-electronic-metasurfaces-in?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0002-3738-3493
javascript:;
https://orcid.org/0000-0002-1765-5463
javascript:;
javascript:;
https://orcid.org/0000-0003-0697-8379
javascript:;
https://orcid.org/0000-0002-0723-733X
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0216271&domain=pdf&date_stamp=2024-08-09
https://doi.org/10.1063/5.0216271
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2533016&setID=592934&channelID=0&CID=911456&banID=522322163&PID=0&textadID=0&tc=1&rnd=2049216998&scheduleID=2451217&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Faml%22%5D&mt=1723220276193584&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Faml%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0216271%2F20104344%2F036105_1_5.0216271.pdf&hc=c29fd275a3ca6e74ae59c7b35d96d19ba777aad3&location=


APL Machine Learning ARTICLE pubs.aip.org/aip/aml

Deep-learning design of electronic metasurfaces
in graphene for quantum control and Dirac
electron holography

Cite as: APL Mach. Learn. 2, 036105 (2024); doi: 10.1063/5.0216271
Submitted: 28 April 2024 • Accepted: 23 July 2024 •
Published Online: 9 August 2024

Chen-Di Han,1 Li-Li Ye,1 Zin Lin,2 Vassilios Kovanis,2 ,3 and Ying-Cheng Lai1 ,4,a)

AFFILIATIONS
1 School of Electrical, Computer and Energy Engineering, Arizona State University, Tempe, Arizona 85287, USA
2Bradley Department of Electrical and Computer Engineering, Virginia Tech Research Center, 900 N. Glebe Rd.,
Arlington, Virginia 22203, USA

3Virginia Tech National Security Institute, Research Center, 900 North Glebe Rd., Arlington, Virginia 22203, USA
4Department of Physics, Arizona State University, Tempe, Arizona 85287, USA

a)Author to whom correspondence should be addressed: Ying-Cheng.Lai@asu.edu

ABSTRACT
Metasurfaces are sub-wavelength patterned layers for controlling waves in physical systems. In optics, metasurfaces are created by materials
with different dielectric constants and are capable of unconventional functionalities. We develop a deep-learning framework for Dirac-
material metasurface design for controlling electronic waves. The metasurface is a configuration of circular graphene quantum dots, each
created by an electric potential. Employing deep convolutional neural networks, we show that the original scattering wave can be recon-
structed with fidelity over 95%, suggesting the feasibility of Dirac electron holography. Additional applications such as plane wave generation
and designing broadband and multi-functionality electronic metasurface in graphene are illustrated.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0216271

I. INTRODUCTION

Metasurfaces are two-dimensional (2D) arrays of sub-
wavelength scatterers. A common form of metasurfaces is metallic
or dielectric structures for modulating or controlling electromag-
netic waves to achieve desired wavefront, polarization distribution,
intensity distribution, or spectrum.1–6 Optical metasurfaces have
wide applications such as planar lens and axicons,7,8 vortex
generators,9 beam deflectors,10 and holography.11,12 Compared
with transform optics that requires continuous changes in the
refractive index,13 metasurfaces contain distinct elements and
are experimentally feasible. Metasurface design is important for
problems such as surface plasmon polarization control and phase
and amplitude reconstruction,14,15 and metasurfaces have been
exploited for acoustic16,17 and water surface wave18,19 devices as well.
Metasurfaces can also be extended to matter waves. For example,
in electron holography, information about the electron wave can
be stored and reconstructed,20,21 and the reconstructed wave can
provide significantly improved resolution.22,23

Optical metasurfaces were invented to manipulate the wave-
front and create holography. Naturally, the concept can be extended
to other wave systems, such as the low-energy excitations in
graphene governed by the Dirac equation. Existing studies of
graphene metasurface focused mostly on its optical properties, i.e.,
its use as a dielectric medium to modulate electromagnetic waves.
From the perspective of controlling electronic waves, a previous the-
oretical study95 realized different degrees of electron beam bending
and splitting using Dirac electronic metasurfaces in graphene under
ambient conditions. The electronic graphene metasurfaces thus rep-
resent a class of optics-inspired electronic devices that can operate
under experimental conditions. However, whether electronic meta-
surfaces in graphene can be used to create Dirac electron holography
remained an open question.

An active area of research is to design metasurfaces accord-
ing to specific goals.24 A previous method was based on impedance
retrieval that utilizes the local periodicity without optimization,25,26

requiring large metasurfaces that overlap with the target region. A
recent trend is to exploit machine learning,27,28 where a rigorous
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solver of the metasurface scattering physics is approximated and
replaced by a back-propagation type of neural network for high
computational efficiency (e.g., thousand times faster than traditional
optimization method).29 Another advantage of machine-learning
design lies in its tolerance to constraints, in contrast to traditional
optimization that relies on explicit but often unavailable constraints.
For example, for designing devices with parameters in a fixed
region by the interior-point method,29 generative adversarial neu-
ral networks (GANs)30 or physics-enhanced machine learning31,32

can be effective. For discrete target space, reinforcement learn-
ing can be used for optical metasurface design.33 Quite recently,
physics-informed neural networks for quantum control have been
articulated.34

In this paper, we address metasurface design for electronic
waves in graphene, a widely studied 2D Dirac material.35–42 Under
the continuum approximation, graphene is effectively a thin con-
ducting layer,43–45 and an electronic metasurface in graphene can be
used to manipulate electromagnetic waves,46–48 with gate potentials
generating material layers of different refractive indices,49–51 thereby
offering more flexibility than optical metasurfaces whose properties
are fixed once designed. Experimentally, the required gate-potential
profiles can be created by STM tip52–55 or doping.56 For example, a
periodic scattering structure leading to a graphene superlattice was
realized,57–60 with an experimentally observed band structure.61 A
configuration of graphene scatterers can generate complex scatter-
ing phenomena,62 and there were experiments on multiple graphene
quantum dots formed by a proper electric potential.63,64

We focus on designing an electronic metasurface in graphene
to control and manipulate Dirac electron scattering to generate any
desired wavefront. Consider a point source emitting Dirac electronic
waves with different energies through scattering from an electronic
metasurface in graphene. For convenience, the region of observa-
tion, or the target region, is a rectangle whose side is approximately
twice the wavelength. To be concrete, we assume that the metasur-
face consists of a small number of, for example, six circular scatterers
(quantum dots) of a fixed radius. In the language of Dirac electron
optics, the design goal is to find the value of the dielectric constant
of each quantum dot to generate any desired electronic waveform
in the rectangular region of observation. This is an inverse-design
problem of finding the optimal combination of the gate potentials
applied to the quantum dots on the metasurface. Because of the need
to test a large (infinite in principle) number of parameter combi-
nations, optimization based on a rigorous Dirac equation solver is
computationally infeasible. Moreover, estimating the derivatives of
the solutions for optimization is challenging due to the need for
calculating the inverse matrix at each time step. Our solution is
to exploit deep convolutional neural networks (DCNNs) as a sim-
ulator for solving the Dirac equation.65–67 We demonstrate that a
designed metasurface of as few as six quantum dots can generate
rich types of scattering wave. A phenomenon is that, given an actual
scatterer with a complicated geometry, e.g., a star-like scatterer, a
DCNN-designed metasurface can generate essentially the identical
waveform in the target region, realizing Dirac electron hologra-
phy. As will be demonstrated, given an optimization goal, it is even
possible to generate broadband holography and multi-functional
devices. Compared with optical metasurfaces whose physical para-
meters are fixed at the creation of the device, graphene based
metasurfaces have the advantage of flexibility in that the physical

parameters can be readily modified through the external gate
potentials.

II. ELECTRONIC METASURFACE IN GRAPHENE
AND MACHINE-LEARNING DESIGN
A. Scattering physics from an electronic metasurface
in graphene

We consider a representative electronic metasurface in
graphene consisting of six circular scatterers, as shown in Fig. 1(a).
In the single-electron framework, the Hamiltonian is

H = vgσ ⋅ p +
6

∑
i=1

Vi(r), (1)

where v g is the Fermi velocity, σ is the vector of Pauli matrices,
p is the momentum of the electron, and V i(r) is the potential
energy profile that defines the ith scatterer, for i = 1, . . . , 6. A typ-
ical quantum dot68 in the configuration in Fig. 1(a) has the radius
r = 0.35λ ∼ 3.5 nm with the typical wavelength λ ∼ 10 nm, where the
center of each circle is located in the 2D physical domain defined by
x ∈ {1, 2}λ and y ∈ {−1, 0, 1}λ. The energy of each potential V i(r)

FIG. 1. Structure of the electronic graphene metasurface for quantum scattering
and machine-learning design. (a) An electronic metasurface in graphene con-
sisting of six scatterers labeled as V1 to V6 in the 2D physical space, where a
cylindrical wave of energy E propagates from the left. The square target region
on the right is indicated as the dashed box. The output spinor wave function con-
tains two complex components. The four images shown are the real and imaginary
parts of the two components in the order: Ψ = [Reψ1, Imψ1, Reψ2, Imψ2]. (b)
A U-net type of convolutional neural network architecture employed in our study,
where different arrows indicate interlayer transforms. The six potential values of
scatterers and incident energy are served as the 1D input to the neural network.
Each rounded rectangle represents one convolutional block of certain size. Up-
samplings connect different blocks. The output images contain four channels with
the same dimension as that of the spinor wave function.

APL Mach. Learn. 2, 036105 (2024); doi: 10.1063/5.0216271 2, 036105-2

© Author(s) 2024

 09 August 2024 16:17:56

https://pubs.aip.org/aip/aml


APL Machine Learning ARTICLE pubs.aip.org/aip/aml

has the physical unit of hv g/λ ∼ 0.1 eV, which is created by apply-
ing a proper external gate potential in the range from −0.5 to 2 eV.
In graphene, the low-energy effective model is obtained by the Tay-
lor expansion about one of the two nonequivalent Dirac points
ξK = (ξ4π/(3√3a), 0) ∼ (ξ/a, 0) with ξ = ±1 in the hexagonal Bril-
louin zone. The lattice constant in graphene is a = 2.46 Å ∼ 0.1 nm.
The typical wave vector can be written as k = ξK + δk. For
ky = δky ∼ 0, we have

kx ∼ ξ4π/(3√3a) + δkx ∼ ξ/a + 2π/λ.
The typical wavelength in our metasurface system is λ ∼ 10 nm,
which is much greater than a ∼ 0.1 nm, rendering valid the use of the
first-order Taylor expansion to obtain the linear dispersion relation
for the Dirac fermions. For convenience, we use dimensionless phys-
ical quantities. As a result, the geometric structure and the physical
properties of metasurfaces for graphene Dirac electrons are read-
ily experimentally controllable, in contrast to optical metasurfaces
defined by the material properties such as dielectric constants that
cannot be changed once chosen.

For electron holography in three dimensions (3D), energy con-
servation stipulates that the amplitude of a planar incidence wave
decays inversely with the distance to the origin.69 For a 2D graphene
metasurface, the wave function can be written as a two-component
spinor ψ = [ψ1,ψ2]T , where both components ψ1 and ψ2 are com-
plex. The same energy consideration requires that the wave decays
with the distance r to the source as 1/√r. A typical incident spinor
wave can then be chosen as

ψin = 1√
2
⎛
⎝

H(1)0 (r)
iH(1)1 (r)eiθ

⎞
⎠, (2)

where H(1)(r) is the Hankel function of the first kind. We choose the
post-scattering target region to be a square, as shown by the dashed
box defined as x ∈ [3, 5] and y ∈ [−1, 1] in Fig. 1(a). For machine
learning and loss-function computation, real quantities are required,
so we introduce the following equivalent real spinor wave function:
Ψ = [Reψ1, Imψ1, Reψ2, Imψ2]T .

To solve the scattering problem, we use the multiple multipole
(MMP) method originated from optics70–74 and adopted to pho-
tonic crystal waveguides75 and surface plasmons in metallic nano-
structures.73 The method has recently been extended to Dirac–Weyl
spinor systems under different geometrical and mass settings.76–79

For a fixed set of gate potentials and incident energy, the resulting
normalized scattering wave in the target region can be calculated
using the MMP method, generating a forward solution.

In the multiple multipole method, the wave function is
expanded over the pole index m ∈ {0, 1, . . . , mmax}, with mmax being
the number of fictitious poles placed around the boundary of the
scatterer. For each value of m, the orbital angular momentum
index l takes on the value76 {−1, 0, 1}. We used this range for
the orbital angular momentum index and determined the resulting
number mmax of multipoles to satisfy the numerical accuracy for the
boundary conditions. The order of the multipole expansion indeed
depends on the relative size r of the scatterer compared to the elec-
tronic wavelength λ. Intuitively, this selection of the order can be
understood by considering two cases. For r ≪ λ, there is no signif-
icant scattering, so the expansion order can be low. In contrast, for

r ≈ λ or r > λ, there is significant scattering. In this case, more poles
should be placed in the vicinity of the scatterer boundary.

Our inverse design addresses the problem of identifying an
optimal combination of the electrical potentials applied to the scat-
terers to achieve a desired scattering wave, denoted as Ψtarget. Our
goal is to solve the following optimization problem:

min
V
∥Ψ(V) −Ψtarget∥2, (3)

where V denotes the set of gate potentials and Ψ(V) is a for-
ward solution. Obtaining an optimal solution of V requires repeated
use of the MMP method, one use for each potential configuration
with variations determined by a gradient, which is computationally
costly. Another difficulty lies in finding the gradient, which requires
matrix inverse associated with the MMP method, which can be com-
putationally extremely challenging. These difficulties motivated us
to exploit machine learning by using convolutional neural networks
to approximate Ψ(V).

In optical metasurface design, two different types of problems
often arise. One type concerns creating a metasurface to transfer
energy, such as a planar lens7,8 or a beam deflector.10 For this type of
problems, the relevant physical quantity is the absolute light inten-
sity or strength. The second type is holography,12 which requires
reconstructing the phase and amplitude of the wave in some target
region. For holography, the relative light strength is relevant since
not all the input light energy can be used to construct a holographic
object. In this case, the scattering wave inside the target region can
be normalized to generate data of suitable scale for machine-learning
design.

B. Deep convolutional neural networks
The basic idea of machine-learning design of electronic meta-

surfaces in graphene is to use a DCNN to substitute the Dirac
equation solver (MMP). The input to the DCNN is the structure of
the metasurface characterized by a vector of the gate potentials. The
output of the DCNN is the spatial distribution of the spinor wave
function. Since the wave functions spatially adjacent to each other
are correlated as governed by the Dirac equation, DCNN trained to
capture such correlations can be used to execute the same function
as the Dirac equation. Such a neural network is equivalent to the
inverse version of the neural networks typically used in image clas-
sification.80 In particular, for image classification, a decrease in the
spatial size is accompanied by a simultaneous increase in the chan-
nel size. For our inverse problem, increasing the spatial size then
requires decreasing the channel size (to be explained below). In gen-
eral, using the residual connection and batch normalization (BN)
can improve the performance of deep neural networks and reduce
overfitting.66,81

Figure 1(b) shows the DCNN structure used in our study. The
original input is a vector of seven components, one for energy and
six for the six gate potential profiles. Since the neural networks
require a three-dimensional vector as the input, we add two dummy
dimensions, so the input is a three-dimensional matrix: (1,1,7),
where the first two dimensions represent the space and the third
value denotes the number of channels. After a multilayer percep-
tron (MLP), the input matrix maps to a 3D matrix of dimension
(1,1,512). Up-sampling with convolutional kernel size 4 × 4, stride
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TABLE I. Parameters of convolutional layers.

Layer name Kernel size Padding Stride

Up-sampling 1 4 × 4 0 1
Up-sampling 2 4 × 4 0 2
Conv 3 × 3 1 1

1, and zero padding is performed next, where the number of chan-
nels is reduced in each up-sampling with a simultaneous increase in
the spatial dimension. The next is a convolutional block contain-
ing several convolutional layers 3 × 3, stride 1, and 1 padding. It
also contains residual connections and batch normalization (BN).81

After the first block, another up-sampling is performed with con-
volutional kernel size 4 × 4, stride 2, and 0 padding, converting the
3D matrix into one of dimension (8, 8,64). A similar structure is
repeated three times. Finally, when the convolutional block of spa-
tial dimension 64 is done, we use a 2D convolutional layer and set the
output dimension to be (64, 64,4). Table I summarizes the three dif-
ferent convolutional layers used in our study. It is worth noting that,
even with the same convolutional layer, the number of channels can
be different for different blocks.

It is worth comparing our DCNN architecture with two typi-
cal neural networks for the inverse design. First, compared with the
traditional generative adversarial neural network (GAN) that has
recently been adopted for the inverse design,30 our DCNN archi-
tecture contains a residual connection specifically for complicated
training data, e.g., output wave function patterns from different
energy values. Second, we note that the U-Net originally introduced
for the inverse design of medical images does not contain shortcut
connections.65

The training data are generated as follows: We first set (quite
arbitrarily) the energy range to be E ∈ [5, 10] and choose the gate
potential such that V i ∈ [−5, 20] (these input data to the neural net-
works are normalized to the unit interval). As shown in Fig. 1(a),
the size of the square target region to observe the scattering patterns
of incident cylindrical waves is approximately two or three times
of the incident wavelength. We then use the MMP method to cal-
culate the scattering wave functions (see Appendix A for details).
The target region is discretized into a 64 × 64 grid, and the wave
function at each grid point is obtained. Finally, we normalize the
wave function in the target region to generate the training data
Ψ = [Reψ1, Imψ1, Reψ2, Imψ2]. Altogether, we generate 80 000
training datasets (scattering patterns) from randomly generated
energy and potential values in their respective ranges. For compar-
ison, with brute-force sampling, since the input data are a seven-
dimensional vector, 80 000 training datasets are equivalent to taking
only five points in each dimension.

Table II lists the values of the training parameters. The loss
function is the mean square error (MSE),

LTrain = ∥Ψreal −Ψpredict∥2. (4)

The neural network is built using PyTorch,82 and a graphics process-
ing unit (GPU) is employed for fast training. Figure 2(a) shows the
training and validating errors vs the epoch number. The fluctuations

TABLE II. Values of the training parameters for DCNN.

Description Values

Batch size 128
Learning rate 0.005
Optimizer Adam
Number of epochs 1000
Number of training data 80 000
Number of validating data 10 000
Number of testing data 10 000

FIG. 2. Performance of DCNN training. (a) Training and validation errors vs epoch
number. The errors converge to small values after about 1000 epochs. (b1)–(b4)
The true wave function calculated by the MMP method, where the four images
from the left to right correspond to the real spinor components Reψ1, Imψ1, Re
ψ2, and Imψ2. (c1)–(c4) The corresponding DCNN predicted spinor components,
where the MSE is less than 0.01, similar to the averaging testing error.

are mainly due to batch normalization used in the neural network,
which can be reduced by using a larger batch size. However, a
large batch slows down the convergence, so there is a computational
trade-off. Figures 2(b1)–2(b4) and 2(c1)–2(c4) show the true (calcu-
lated from the MMP method) and DCNN predicted scattering wave
function from one example in the testing dataset whose MSE is about
the average testing error, where the four panels in each row corre-
spond to the four real spinor components Reψ1, Imψ1, Reψ2, and
Imψ2, respectively. Visually, there is little difference between the
DCNN predicted scattering patterns and the ground truth, indicat-
ing that effective training has been achieved. Table III lists the MSEs
for training, evaluating, and testing from the dataset with the small-
est validation error. It can be seen that the training MSE is smaller
than the validation and testing MSEs, indicating a certain degree of
overfitting. Using more training data can help mitigate this problem.
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TABLE III. MSEs from the trained DCNN.

Description Values

Training MSE 0.0020
Validating MSE 0.0101
Testing MSE 0.0102

III. DIRAC ELECTRON HOLOGRAPHY
A well-trained DCNN can substitute the real Dirac equation

solver and provide an accurate solution in a computationally effi-
cient way. In particular, with the available open source packages such
as PyTorch,82 computing the loss and the gradient with respect to the
input on GPU servers can be done extremely efficiently. For inverse
design, the loss function is

Ldesign = ∥Ψpredict(V) −Ψtarget∥2, (5)

FIG. 3. Inverse design for Dirac electron holography. (a) A real scatterer of a star
shape with potential V = 20 (details in Appendix B). The scattering wave func-
tion in the rectangle region is calculated directly from the star-shaped potential by
using the MMP method. Shown on the right is a real component of the scattering
wave Re ψ1. (b) Illustration of the inverse design process. The target wave and the
energy are the inputs to the DCNN. Initially, the potential configuration V is gener-
ated randomly. The DCNN generates the scattering wave and compare it with the
target wave in (a), and the error is used to modify the potential configuration V. The
process is iterated until the loss function is below a pre-selected error threshold,
leading to the optimal potential configuration. (c) Scattering wave pattern calcu-
lated from the optimal potential configuration through, again, the MMP method,
which matches the desired wave pattern in (a), thereby creating a holographic
image of the star-shaped scatterer and realizing Dirac electron holography.

where Ψpredict is the output from the neural network and Ψtarget is
the desired target wave. Figure 3 presents an example of generating
a desired wave pattern, optimization, and creating Dirac electron
holography. In particular, Fig. 3(a) shows a real scatterer of a star
shape generated by the gate potential V = 20. For the cylindrical
incident wave of energy E = 8, the scattering-wave pattern in the tar-
get region, calculated directly from this star scatterer using the MMP
method (details in Appendix B), is also shown. Figure 3(b) shows the
optimization algorithm to minimize the loss in Eq. (5), which starts
from a randomly generated potential. We input the initial potential
to the neural network and compute the loss and the gradient to vari-
ations in the metasurface parameter vector V and update V by the
optimization algorithm (source package scipy.optimize.minimize83

in Python) at certain learning rate α that depends on the specific
optimization method. Note that, since the electron energy as an
input to the neural network is given for the design process, we use
the potentials to evaluate the gradient. In fact, with the known target
wave pattern, the energy can be obtained from the Dirac equation.
The optimization result depends on the initial condition, so we use
a small ensemble of (ten) initial conditions and choose the poten-
tial configuration V that yields the smallest value of Ldesign. This
combination of the potential values also gives the smallest loss in
Eq. (3) for a properly trained DCNN. To demonstrate that the so-
designed metasurface with the optimal potential configuration can
generate the desired target wave pattern, we again employ the MMP
method to calculate the scattering wave in the target region, but this
time from the potential configuration. The resulting scattering wave
pattern in shown in Fig. 3(c), which agrees well with that calcu-
lated from the star scatterer itself in Fig. 3(a). The DCNN generated
metasurface can thus faithfully generate the desired scattering wave
pattern from a geometrically complicated scatterer such as a star.
Conversely, the metasurface generated wave pattern corresponds to
the specific star scatterer, as shown by the dotted-dashed shape in
Fig. 3(c), realizing Dirac electron holography!

To characterize the design accuracy, we define the following
fidelity measure:

F = ∣ψdesignψ
∗

target∣, (6)

where ψdesign is the normalized scattering wave generated by the
metasurface and ψtarget is the normalized wave from a target scat-
terer as governed by the Dirac equation, for the same energy E. In
the ideal case where the metasurface generates a wave that matches
perfectly the target wave, we have F = 1 (due to normalization).

The general principle of holography is scattering wave match-
ing, as can be seen by comparing the desired wave generated by a
star-shaped scatterer in Fig. 3(a) and that generated by the designed
metasurface in Fig. 3(c). Two more examples are shown in the upper
and middle rows in Fig. 4, where the holographic objects have the
shape of a circle and a stadium, respectively (the geometric para-
meters specified in Appendix B). The energy values for the two
cases are E = 8. For comparison, we also include the case of the
star-shaped holographic object (shown in Fig. 3) in the bottom row
of Fig. 4. For the three cases, the desired wave patterns are shown
in the left column and those generated by the DCNN-designed
metasurface are shown in the middle column, with the potential con-
figuration of the metasurface in the right column. It can be seen
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FIG. 4. Examples of scattering-wave matching and Dirac electron holography for
three different objects. (a1) Scattering wave from a circular cavity of potential
V = 20 with cylindrical incident wave of energy E = 8, (a2) scattering wave from
the DCNN designed metasurface, and (a3) color-coded potential configuration
of the designed metasurface. (b1)–(b3) Same legends as in (a1)–(a3) but for a
stadium-shaped holographic object. (c1)–(c3) Same legends as in (a1)–(a3) but
for a star-shaped holographic object.

that for the three holographic objects, an excellent scattering-wave
matching has been achieved. The resulting fidelity values for three
different energy values are listed in Table IV. In all cases, the fidelity
values are larger than 95%. Note that for a larger energy, the fidelity
value decreases slightly due to the target region’s containing more
wavelengths.

There are some constraints for the loss function Eq. (5), which
leads to a metasurface with specific phase matching. A constant
phase shift ϕ will not only modify the spinors to ψ exp(iϕ), but also
change the value of the loss function. While phase is important for
interference-related problems in quantum system,84,85 it is not cru-
cial for physical quantities such as the local electron density, current,
and pseudospin polarization. For those phase-independent quanti-
ties, the loss function Eq. (5) may not yield the best structure. The
second constraint is that the absolute information for the amplitude
is missing in Eq. (5) due to normalization.

TABLE IV. Fidelity values for a circular, stadium, and star holographic object for
different incident energies.

Geometric shape E = 7 E = 8 E = 9

Circle 0.992 0.965 0.963
Stadium 0.967 0.966 0.961
Star 0.988 0.974 0.959

It is worth noting that, in optical holography, the energy
E corresponds to the input frequency and the potential configuration
V represents the dielectric property of the metasurface. If the output
is a scattering cross section or transmission, MLPs are commonly
used with the output being a vector covering all the frequencies.29

For graphene metasurface, the aim of our inverse design is to achieve
wave function matching, so the DCNN output is a 2 × 2 matrix rep-
resenting the scattering wave function. Another difference from the
optical metasurface is that the electron energy value E is also input
to the neural network, so the output is the wave function but at the
specific energy value, enabling faster inverse design.

IV. OTHER APPLICATIONS OF MACHINE-LEARNING
DESIGNED ELECTRONIC METASURFACES
IN GRAPHENE

We address three additional applications of electronic metasur-
faces in graphene.

A. Plane wave generation
An important application of metasurfaces in optical system is

to transform a cylindrical wave into another type of wave.25,26 To
demonstrate that this is also possible with our machine-learning
based Dirac electron holography, we begin with a spinor plane
wave—a simple solution of the Dirac equation,

ψplane = (1
τ
) exp (ikx), (7)

where τ = sign(E) and k = ∣E∣/v g . We normalize the wave and set it
as the desired wave pattern in the target region and aim to trans-
form an incident cylindrical wave into this plane wave. Note that,
even without metasurface scattering, the cylindrical and plane waves
share a certain degree of similarity, especially in the small energy
regime, as indicated in the middle column of Table V, where the val-
ues of “natural” (i.e., without any scatterer) fidelity between the two
types of waves for several energies are listed. It can be seen that the
fidelity value is high for small energy and decreases as the energy
increases. For a metasurface to be meaningful, for any energy, the
achieved fidelity value should be larger than the “natural” value.

Figure 5(a1) shows the spatial pattern of Re{ψ1} taken from
the plane wave for E = 6, where the upper-right inset is the incident
wave. Figure 5(a2) shows the scattering wave from our DCNN-
generated metasurface whose structure is displayed in Fig. 5(a3),
where the color for each quantum dot indicates the potential value
(red for high positive and blue for low negative values). The black

TABLE V. Fidelity values for the metasurface based graphene plane wave generator.

Energy Fidelity (natural) Fidelity (designed)

5 0.972 0.988
6 0.964 0.996
7 0.954 0.989
8 0.942 0.973
9 0.930 0.963
10 0.915 0.966
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FIG. 5. Illustration of an electronic metasurface plane wave generator. (a1) A
desired plane wave in the target region for E = 6, where the color represents the
strength of Re{ψ1} and the inset in the top right corner displays the incident cylin-
drical wave at the same energy. (a2) The plane wave generated by the DCNN
designed metasurface for E = 6 with the high fidelity value 0.996. (a3) The result-
ing metasurface of six graphene quantum dots with the color representing the
potential strength. The black arrow indicates the energy value. (b1)–(b3) Another
example: generating a desired plane wave for E = 10. Legends are the same as
in (a1)–(a3). The fidelity value is 0.966, which decreases slightly from the value in
(a2), due to the higher energy.

arrow pointing at the upper color bar specifies the value of the
incident energy. The fidelity achieved in this case is 0.996. The strik-
ing similarity between the wave patterns in Figs. 5(a1) and 5(a2) is
indicative of the success of the DCNN metasurface design. Another
example is shown in Figs. 5(b1)–(b3), for a higher energy value:
E = 10. The scattering wave pattern from the designed metasurface
exhibits oscillations, due to the high energy. The third column of
Table V lists the fidelity values from the metasurface generated plane
waves for a number of energy values. As the energy increases, there is
a slow decrease in the fidelity value. This can be explained by noting
that, since the incident cylindrical wave is from the left, the scattering
wave amplitude can take larger values on the left than on the right
side of the metasurface scatterer, but an ideal plane wave has the
same amplitude at any point in the propagation direction [the dif-
ference can be seen from Figs. 5(b1) and 5(b2)]. In addition, as the
energy increases, the wavelength decreases so that the same target
region of observation contains more wavelengths, making it more
difficult for the designed metasurface to generate a plane wave in
this region.

B. Designing broadband electronic metasurface
in graphene

For a metasurface system designed to modulate or control
waves, whether optical or Dirac electron waves, bandwidth is an
important characterizing quantity. In particular, will the system
function as desired in a broad frequency (energy) range or will it
work only for specific frequencies (energies)? The bandwidth issue
is also crucial in other situations such as designing a wave system

for cloaking or superscattering in a certain frequency (energy)
range.67,86,87 As illustrated in Fig. 3, the geometric shape of our
DCNN-designed metasurface differs drastically from the actual scat-
terer. Since the potential configuration defining a specific meta-
surface was generated through scattering data at certain energies,
acceptable wave matching (holography) cannot be anticipated to
arise for all energies. Would it be possible to design a meta-
surface device with the desired functionality in a limited energy
range? To address this question, we define the following quantity to
characterize the bandwidth:

Δ ≡ (λmax − λmin)/λmin, (8)

where λmin and λmax are the minimum and maximum wavelengths
and the performance of the metasurface system is acceptable for
any wavelength λ ∈ [λmin, λmax]. A similar quantity was introduced,
for example, in a previous study on designing a strong scattering
system,29 where a suitable set of loss functions leading to strong scat-
tering was effective even with about a 25% shift in the wavelength.
In another work,88 the geometrical phase was exploited to tolerate a
100% wavelength shift in the inverse design.

Our goal is to assess whether Dirac electron holography can
be designed to function in a relatively broad energy range. To gain
insights, we consider a circular graphene scatterer. Figure 6(a) shows
the scattering wave pattern as a solution of the Dirac equation in the
observational region for E = 7.5, where the scatterer is generated by
the gate potential V = 20. Figure 6(b) shows the wave pattern from
the corresponding metasurface at the same energy, which matches
the actual pattern to a large extent. The question is if the energy is
changed, can a reasonable match between the two scattering wave
patterns hold? To answer this question, we calculate the fidelity char-
acterizing the wave-pattern matching for a wide energy range, as
shown in Fig. 6(c), where the metasurface is designed for E = 7.5
(indicated by the black solid circle) for which the fidelity value is
0.980. The vertical gray strip indicates the energy interval in which
the fidelity is higher than 0.975. As the energy deviates from this
interval, the fidelity value decreases rapidly, so the gray interval rep-
resents the bandwidth of the specific design, which is quite narrow
relatively as it indicates that the design can tolerate only Δ = 3% of
the wavelength change.

We use the method of interval-training29 to increase the band-
width of the designed metasurface. The idea is to use the wave
patterns in an energy interval [E1, E2] for the inverse design. The
corresponding loss function is

Ldesign = ∫
E2

E1

∥Ψpredict(E, V) −Ψtarget(E)∥2dE. (9)

If the energy interval [E1, E2] is relatively narrow, the loss function
can be approximated by

Ldesign =∥Ψpredict(E1, V) −Ψtarget(E1)∥2

+ ∥Ψpredict(E2, V) −Ψtarget(E2)∥2.
(10)

To test the loss function in Eq. (10), we set E1 = 6 and E2 = 7 and
then minimize the loss to find the potential configuration V. The
true and metasurface-generated scattering wave patterns for the two
energies are shown in Figs. 6(d)–6(g), and Fig. 6(h) shows the fidelity
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FIG. 6. Wideband metasurface design illustrated using a circular scatterer. The
circular scatterer is generated by gate potential V = 20. (a) The scattering wave
pattern Re{ψ1} as a solution of the Dirac equation in the target observational
region for E = 7.5. (b) The wave pattern from the metasurface designed for
the same energy. (c) The fidelity vs the energy, where the same metasurface
(designed for E = 7.5) is applied to all energy values. The black dot indicates the
energy E = 7.5, and the vertical gray strip indicates the energy interval in which the
fidelity value is larger than 0.975, which gives the bandwidth Δ ≈ 3% in terms of
wavelength. (d) The actual wave pattern for E = 6. (e) The wave pattern generated
by the metasurface designed for E = 6. (f) The actual wave pattern for E = 7. (g)
The wave pattern generated by the metasurface designed for E = 7. (h) Fidelity vs
the incident energy, where the metasurface is designed using two energy values:
E = 6 and E = 7 (indicated by the two black dots). For most energies in between
them, the fidelity value is high. The corresponding bandwidth has been increased
to Δ ≈ 17% of the wavelength.

vs the energy for E ∈ [5, 10], where the two black dots indicate the
two energy values required by the loss function Eq. (10). For most
energy values in the vertical gray shaded regions (except for a sharp
drop about E = 6.3), the fidelity value is larger than 0.975, giving the
wavelength bandwidth Δ ≈ 17%—a significant improvement com-
pared with that from a single energy loss function, as shown in
Fig. 6(c).

C. Designing multi-functionality electronic
metasurface in graphene

In optics, designing metasurfaces that can perform multiple
functions was investigated.89 For example, complicated metasur-
faces can generate different holographic patterns at different fre-
quencies.90 Factors that can change the device properties include

phase transition91,92 and biases.93,94 Here, we address the problem
of designing multi-functionality electronic metasurfaces in graphene
through some proper gate potential configuration V. To illustrate
our approach, we consider two energy values E1 and E2, where the
desired scattering wave patterns for the two energy values are differ-
ent. For example, for E1, the desired wave pattern should match that
from a circular quantum dot, while for E2, the metasurface generated
wave pattern should approximate that from a star-shaped quantum
dot, as shown in Figs. 7(a)–7(d). The loss function is

Ldesign =∥Ψpredict(E1, V) −Ψtarget1∥2

+ ∥Ψpredict(E2, V) −Ψtarget2∥2.
(11)

As a concrete example, we set E1 = 6 and E2 = 8.5 and perform
optimization of the loss function to obtain the optimal potential con-
figuration V. Figure 7(e) shows the fidelity vs the energy E, where
the blue (orange) trace is the fidelity with respect to the scattering
wave from the circular (star-shaped) quantum dot, with the respec-
tive shaded strips in which the fidelity value is larger than 0.975.
The result suggests that two different functionalities can be real-
ized by the designed electronic metasurface in graphene with two
different energy intervals, respectively. Empirically, the two energy
values should not be too close to each other. In addition, assigning a
higher energy value for a more complicated scattering pattern (e.g.,
star-shaped dot) can be beneficial for the optimization process. An
intuitive reason is that scattering patterns are generally more com-
plicated at high energies, so using a complicated scatterer at a high
energy value can provide more complexity to the neural network to

FIG. 7. An example of designing an electronic metasurface in graphene with multi-
ple functionalities. (a) Desired scattering wave from a circular scatterer for V = 19
for E = 6. (b) The corresponding wave pattern generated by the metasurface for
E = 6. (c) Desired wave pattern from a star-shaped scatterer for V = 19 at
E = 8.5. (d) The corresponding wave pattern generated by the metasurface for
E = 8.5. (e) Two types of fidelity vs the energy: blue (orange) trace—fidelity
between the desired wave from the circular (star-shaped) quantum dot and the
corresponding metasurface-generated wave. The vertical gray shading strips indi-
cate the energy interval with fidelity higher than 0.975. The designed metasurface
is capable of double-functional holography in two different energy intervals.
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enhance its computational capability and to generate a broad range
of solutions of the Dirac equation.

V. DISCUSSION
We have investigated whether electronic metasurfaces in

graphene can be exploited to create Dirac electron holography.
In particular, we developed a deep-learning based, inverse-design
framework to generate “electronic” graphene metasurfaces. The pro-
totypical type of metasurfaces consists of a small number of quantum
dots on a graphene sheet, which can be realized through external
electric gate voltages. In particular, the voltages applied to the quan-
tum dots are different and constitute a set of parameters that can
be optimized through machine learning. As an example, we demon-
strated, using an electron graphene metasurface of six quantum
dots, that various desired electronic wave patterns can be gener-
ated through quantum scattering, thereby realizing Dirac electron
holography in graphene.

Our machine-learning design is to train a DCNN trained to
generate a relation between a set of device parameters (e.g., the gate
voltages) and a desired waveform that can be a plane wave or the
scattering wave from a scatterer with a particular geometric shape.
Training is done in an “offline” fashion to generate the required
parameters for the metasurface. In the case of a single target wave,
the wave generated by the metasurface can match the desired wave
with fidelity higher than 95%. Such a high-fidelity wave matching
is essentially what is required for producing Dirac electron holo-
graph. For metasurfaces generated from training data from a single
energy value, waveform matching can be achieved in a small interval
about this energy value. To increase the energy (frequency) band,
we articulated a loss function that involves the desired and deep-
learning predicted wave functions at multiple energy values. Dual
functionalities were also demonstrated where a metasurface sys-
tem can realize Dirac electron holography at two distinct energy
values.

One requirement in our framework is that the designed meta-
surface functions for the same energy values used to generate the
waveforms for training. In machine learning, this is referred to as
the problem of “overlapping of the design space with the training
space.” This is in fact a common difficulty for the inverse design
of wave scattering systems. Another challenge is that, during the
training process, the DCNNs are updated iteratively, which requires
a large computational load. Use of generative adversarial neural
networks30 can reduce the computations, as it directly finds a rela-
tion between the desired performance and the device parameters.
A difficulty is that the device parameters so produced can often be
unphysical, requiring some sophisticated filtering process to obtain
physical reasonable parameter values.

The importance of many-body effects in graphene was rec-
ognized earlier.96 However, there are situations where the many-
body effects can be neglected. Specifically, the physical mechanism
rendering graphene a weakly interacting system was investigated,
suggesting that the effective fine-structure constant, denoted as
αeff = e2/(hv gϵ), can be used to gauge the importance of the
Coulomb interaction in graphene.97 For graphene suspended in
vacuum, it is theoretically estimated that, for αg = 2.2 > 1/137, the
electron–electron interactions are strong and cannot be neglected.
For αg < 1, the Coulomb interactions are relatively weak compared

to the kinetic energy of the charge carriers, so the many-body effect
can be neglected. For a freestanding graphene sheet, experimen-
tal studies reported a substantially smaller fine-structure constant:98

αg ≈ 0.14. Another experimental result was that the optical trans-
parency of graphene is consistent with that of non-interacting
Dirac Fermions in suspended graphene.99 Previous studies also
demonstrated that graphene nanoribbons with zigzag edges exhibit
electronic screening of the long-range Coulomb interaction.100

The multiple multipole method was originated from optics,
where no equivalence to the many-body effects in electronic systems
exists. In fact, this method is a numerical technique for electromag-
netic field calculations developed for systems with isotropic, linear,
and piecewise homogeneous material properties, and the method is
not effective when many-body effects exist.75 In our work of Dirac
electron scattering, the original multipolar functions are replaced
by the spinor cylindrical bases. However, including many-body
effects such as the Coulomb interaction adds strong nonlinearity
to the problem and makes choosing the appropriate basis for mul-
tipoles infeasible. To our knowledge, at the present, developing
a multiple multipole method for electronic systems incorporating
many-body effects is an unsolved problem. It is worth noting that
there are traditional methods to calculate the many-body effects in
graphene, such as the renormalization-group analysis,101 mean-field
theory,102 quantum Monte Carlo method,103 ab initio many-body
GW method,104 and many-body Green’s function theory.105

The ability to control Dirac electron waves through electronic
metasurfaces in graphene, as demonstrated in this work, is in the ini-
tial exploratory stage. A difficulty associated with generating Dirac
electron holography is that, in 2D scattering, the wave amplitude on
the front side of the target observational region closer to the source
is larger than that on the opposite side. Another feature is that Klein
tunneling occurs only at some specific incident angles, so, for vast
majority of the incident angles, electron scattering is strong. To our
knowledge, prior to our work, Dirac electron holography had not
been reported. Our work demonstrates the possibility of manipu-
lating and controlling Dirac waves with the aid of modern machine
learning.
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APPENDIX A: GENERATING DATA USING MULTIPLE
MULTIPOLE METHOD

Our training data are the scattering waveforms from a sophis-
ticated scatterer, such as a star-shaped quantum dot, which are
generated by the MMP method originated in optics70–75 and adopted
to Dirac–Weyl spinor systems.76–79 After an electronic metasurface

FIG. 8. MMP method for solving the scattering waveform from a graphene meta-
surface and numerical error. (a) Illustration of the poles inside and outside each
circular scatterer. (b) Histogram of the boundary fitting error. In all cases, the values
of the energy and potentials are randomly generated.

in graphene has been designed, testing it also requires solving the
scattering field from it, which is also done using the MMP method.
Take the metasurface of six quantum dots as an example. The basic
idea of MMP is to place poles both inside and outside of each bound-
ary, as shown in Fig. 8(a). The wave function outside the metasurface
is determined by all the poles inside the circular boundaries, and
the corresponding poles outside each circular boundary determine
the wave function inside the circle. The detailed computational
procedure can be found in Ref. 79.

In our calculation, poles inside each circle are located at
ri = 0.9r at the same angular interval. The number of poles inside
each circle is N i = 40. Poles outside the circle are located at ro = 1.1r,
and their number is No = 44. The boundary is discretized with
N j = 3(N i +N j) points. Each pole generates three values of the
angular momentum: l = {−1, 0, 1}. For a given metasurface, calcu-
lating the scattering waveform requires solving roughly 3000 equa-
tions with ∼1500 unknown parameters. Figure 8(b) shows a typical
histogram of the MMP boundary fitting errors,76 which are suffi-
ciently small to guarantee accurate wave solutions. Altogether, about
105 waveforms are produced for the results reported in this paper.

APPENDIX B: GENERATING TARGET
SCATTERING WAVE

The desired target waveforms are calculated using the MMP
method for the geometrical structures shown in Figs. 9(a)–9(c). The
circle in Fig. 9(a) has the radius rc = 1 and is centered at [1.5, 0]. The

FIG. 9. Different graphene quantum scatterers for generating desired waveforms.
(a) A circular quantum dot of radius rc = 1. (b) A stadium quantum dot with para-
meters rs = ds = 0.8. (c) A star quantum dot with the boundary determined by the
Gielis formula.
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two geometric parameters defining the stadium scatterer in Fig. 9(b)
are rs = ds = 0.8, and the center is located at [1.5, 0]. The shape of the
star scatterer is determined by the Gielis formula,106

r(θ) = m3

[∣ 1a cos (m1θ
4 )∣

n1 + ∣ 1b sin (m2θ
4 )∣

n2]1/n3
, (B1)

with the parameters m1 = m2 = 10, m3 = 1.2, a = 0.98, b = 0.28, n1
= 2.33, n2 = 1.46, and n3 = 2.79. The center of the star is located at
[1.5, 0].
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and inverse design using artificial neural networks,” Sci. Adv. 4, eaar4206 (2018).
30Z. Liu, D. Zhu, S. P. Rodrigues, K.-T. Lee, and W. Cai, “Generative model for
the inverse design of metasurfaces,” Nano Lett. 18, 6570–6576 (2018).
31J. Jiang and J. A. Fan, “Global optimization of dielectric metasurfaces using a
physics-driven neural network,” Nano Lett. 19, 5366–5372 (2019).
32M. Chen, R. Lupoiu, C. Mao, D.-H. Huang, J. Jiang, P. Lalanne, and J. A. Fan,
“High speed simulation and freeform optimization of nanophotonic devices with
physics-augmented deep learning,” ACS Photonics 9, 3110–3123 (2022).
33I. Sajedian, T. Badloe, and J. Rho, “Optimisation of colour generation
from dielectric nanostructures using reinforcement learning,” Opt. Express 27,
5874–5883 (2019).
34A. Norambuena, M. Mattheakis, F. J. González, and R. Coto, “Physics-informed
neural networks for quantum control,” Phys. Rev. Lett. 132, 010801 (2024).
35K. S. Novoselov, A. K. Geim, S. V. Morozov, D.-e. Jiang, Y. Zhang, S. V.
Dubonos, I. V. Grigorieva, and A. A. Firsov, “Electric field effect in atomically
thin carbon films,” Science 306, 666–669 (2004).
36K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I. Katsnelson, I.
Grigorieva, S. Dubonos, and a. Firsov, “Two-dimensional gas of massless Dirac
fermions in graphene,” Nature 438, 197–200 (2005).
37V. Gusynin and S. Sharapov, “Unconventional integer quantum hall effect in
graphene,” Phys. Rev. Lett. 95, 146801 (2005).
38A. Rycerz, J. Tworzydło, and C. Beenakker, “Valley filter and valley valve in
graphene,” Nat. Phys. 3, 172–175 (2007).
39W. Han, R. K. Kawakami, M. Gmitra, and J. Fabian, “Graphene spintronics,”
Nat. Nanotechnol. 9, 794–807 (2014).
40Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E. Kaxiras, and
P. Jarillo-Herrero, “Unconventional superconductivity in magic-angle graphene
superlattices,” Nature 556, 43–50 (2018).
41Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken, J. Y. Luo, J. D. Sanchez-
Yamagishi, K. Watanabe, T. Taniguchi, E. Kaxiras et al., “Correlated insulator
behaviour at half-filling in magic-angle graphene superlattices,” Nature 556,
80–84 (2018).
42A. H. Castro Neto, F. Guinea, N. M. Peres, K. S. Novoselov, and A. K. Geim,
“The electronic properties of graphene,” Rev. Mod. Phys. 81, 109 (2009).
43V. Gusynin, S. Sharapov, and J. Carbotte, “Unusual microwave response of
Dirac quasiparticles in graphene,” Phys. Rev. Lett. 96, 256802 (2006).
44S. A. Mikhailov and K. Ziegler, “New electromagnetic mode in graphene,” Phys.
Rev. Lett. 99, 016803 (2007).
45L. A. Falkovsky, “Optical properties of graphene,” J. Phys.: Conf. Ser. 129,
012004 (2008).
46A. Fallahi and J. Perruisseau-Carrier, “Design of tunable biperiodic graphene
metasurfaces,” Phys. Rev. B 86, 195408 (2012).
47Z. Miao, Q. Wu, X. Li, Q. He, K. Ding, Z. An, Y. Zhang, and L. Zhou, “Widely
tunable terahertz phase modulation with gate-controlled graphene metasurfaces,”
Phys. Rev. X 5, 041027 (2015).
48T. Guo and C. Argyropoulos, “Broadband polarizers based on graphene
metasurfaces,” Opt. Lett. 41, 5592–5595 (2016).
49P. E. Allain and J.-N. Fuchs, “Klein tunneling in graphene: Optics with massless
electrons,” Eur. Phys. J. B 83, 301–317 (2011).

APL Mach. Learn. 2, 036105 (2024); doi: 10.1063/5.0216271 2, 036105-11

© Author(s) 2024

 09 August 2024 16:17:56

https://pubs.aip.org/aip/aml
https://doi.org/10.1126/science.1232009
https://doi.org/10.1038/nmat3839
https://doi.org/10.1088/0034-4885/79/7/076401
https://doi.org/10.1002/lpor.201600295
https://doi.org/10.1515/nanoph-2017-0129
https://doi.org/10.1126/science.aat3100
https://doi.org/10.1021/nl302516v
https://doi.org/10.1038/lsa.2013.28
https://doi.org/10.1063/1.3673334
https://doi.org/10.1021/acs.nanolett.5b02926
https://doi.org/10.1038/ncomms3807
https://doi.org/10.1515/nanoph-2017-0118
https://doi.org/10.1126/science.1125907
https://doi.org/10.1103/physrevlett.109.203903
https://doi.org/10.1002/lpor.201600212
https://doi.org/10.1002/lpor.201600212
https://doi.org/10.1038/srep20219
https://doi.org/10.1038/s41578-018-0061-4
https://doi.org/10.1063/1.4950962
https://doi.org/10.1103/physrevlett.123.074501
https://doi.org/10.1103/physrevlett.123.074501
https://doi.org/10.1103/revmodphys.59.639
https://doi.org/10.1088/0034-4885/71/1/016102
https://doi.org/10.1143/jjap.18.9
https://doi.org/10.1103/physrevlett.74.399
https://doi.org/10.1002/lpor.201900445
https://doi.org/10.1063/1.4896540
https://doi.org/10.1098/rsta.2014.0355
https://doi.org/10.1515/nanoph-2019-0474
https://doi.org/10.1364/prj.415960
https://doi.org/10.1126/sciadv.aar4206
https://doi.org/10.1021/acs.nanolett.8b03171
https://doi.org/10.1021/acs.nanolett.9b01857
https://doi.org/10.1021/acsphotonics.2c00876
https://doi.org/10.1364/oe.27.005874
https://doi.org/10.1103/physrevlett.132.010801
https://doi.org/10.1126/science.1102896
https://doi.org/10.1038/nature04233
https://doi.org/10.1103/physrevlett.95.146801
https://doi.org/10.1038/nphys547
https://doi.org/10.1038/nnano.2014.214
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/nature26154
https://doi.org/10.1103/revmodphys.81.109
https://doi.org/10.1103/physrevlett.96.256802
https://doi.org/10.1103/physrevlett.99.016803
https://doi.org/10.1103/physrevlett.99.016803
https://doi.org/10.1088/1742-6596/129/1/012004
https://doi.org/10.1103/physrevb.86.195408
https://doi.org/10.1103/physrevx.5.041027
https://doi.org/10.1364/ol.41.005592
https://doi.org/10.1140/epjb/e2011-20351-3


APL Machine Learning ARTICLE pubs.aip.org/aip/aml

50T. Ozawa, A. Amo, J. Bloch, and I. Carusotto, “Klein tunneling in driven-
dissipative photonic graphene,” Phys. Rev. A 96, 013813 (2017).
51C.-D. Han, C.-Z. Wang, H.-Y. Xu, D. Huang, and Y.-C. Lai, “Decay of semiclas-
sical massless Dirac fermions from integrable and chaotic cavities,” Phys. Rev. B
98, 104308 (2018).
52Y. Zhao, J. Wyrick, F. D. Natterer, J. F. Rodriguez-Nieva, C. Lewandowski,
K. Watanabe, T. Taniguchi, L. S. Levitov, N. B. Zhitenev, and J. A. Stroscio,
“Creating and probing electron whispering-gallery modes in graphene,” Science
348, 672–675 (2015).
53J. Lee, D. Wong, J. Velasco Jr, J. F. Rodriguez-Nieva, S. Kahn, H.-Z. Tsai,
T. Taniguchi, K. Watanabe, A. Zettl, F. Wang et al., “Imaging electrostatically
confined Dirac fermions in graphene quantum dots,” Nat. Phys. 12, 1032–1036
(2016).
54C. Gutiérrez, L. Brown, C.-J. Kim, J. Park, and A. N. Pasupathy, “Klein
tunnelling and electron trapping in nanometre-scale graphene quantum dots,”
Nat. Phys. 12, 1069–1075 (2016).
55F. Ghahari, D. Walkup, C. Gutiérrez, J. F. Rodriguez-Nieva, Y. Zhao, J. Wyrick,
F. D. Natterer, W. G. Cullen, K. Watanabe, T. Taniguchi et al., “An on/off berry
phase switch in circular graphene resonators,” Science 356, 845–849 (2017).
56J. Velasco, Jr., L. Ju, D. Wong, S. Kahn, J. Lee, H.-Z. Tsai, C. Germany, S.
Wickenburg, J. Lu, T. Taniguchi et al., “Nanoscale control of rewriteable dop-
ing patterns in pristine graphene/boron nitride heterostructures,” Nano Lett. 16,
1620–1625 (2016).
57C. Bai and X. Zhang, “Klein paradox and resonant tunneling in a graphene
superlattice,” Phys. Rev. B 76, 075430 (2007).
58R. P. Tiwari and D. Stroud, “Tunable band gap in graphene with a noncen-
trosymmetric superlattice potential,” Phys. Rev. B 79, 205435 (2009).
59P. Burset, A. L. Yeyati, L. Brey, and H. Fertig, “Transport in superlattices on
single-layer graphene,” Phys. Rev. B 83, 195434 (2011).
60M. Killi, S. Wu, and A. Paramekanti, “Band structures of bilayer graphene
superlattices,” Phys. Rev. Lett. 107, 086801 (2011).
61L. Ponomarenko, R. Gorbachev, G. Yu, D. Elias, R. Jalil, A. Patel, A.
Mishchenko, A. Mayorov, C. Woods, J. Wallbank et al., “Cloning of Dirac
fermions in graphene superlattices,” Nature 497, 594–597 (2013).
62M. Sadrara and M. Miri, “Dirac electron scattering from a cluster of elec-
trostatically defined quantum dots in graphene,” Phys. Rev. B 99, 155432
(2019).
63Z.-Q. Fu, Y. Pan, J.-J. Zhou, K.-K. Bai, D.-L. Ma, Y. Zhang, J.-B. Qiao, H.
Jiang, H. Liu, and L. He, “Relativistic artificial molecules realized by two coupled
graphene quantum dots,” Nano Lett. 20, 6738–6743 (2020).
64Q. Yang, Y. Zhang, Z.-Q. Fu, Y. Chen, Z. Di, and L. He, “Creating custom-
designed patterns of nanoscale graphene quantum dots,” 2D Mater. 9, 021002
(2022).
65O. Ronneberger, P. Fischer, and T. Brox, “U-Net: Convolutional networks for
biomedical image segmentation,” in Medical Image Computing and Computer-
Assisted Intervention – MICCAI (Springer, 2015), pp. 234–241.
66K. He, X. Zhang, S. Ren, and J. Sun, “Deep residual learning for image
recognition,” in Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition (IEEE, 2016), pp. 770–778.
67C.-D. Han and Y.-C. Lai, “Generating extreme quantum scattering in graphene
with machine learning,” Phys. Rev. B 106, 214307 (2022).
68C. B. Murray, C. R. Kagan, and M. G. Bawendi, “Synthesis and characterization
of monodisperse nanocrystals and close-packed nanocrystal assemblies,” Annu.
Rev. Mater. Sci. 30, 545–610 (2000).
69J. Barton, “Removing multiple scattering and twin images from holographic
images,” Phys. Rev. Lett. 67, 3106 (1991).
70Y. Leviatan and A. Boag, “Analysis of electromagnetic scattering from dielectric
cylinders using a multifilament current model,” IEEE Trans. Antennas Propag. 35,
1119–1127 (1987).
71M. G. Imhof, “Multiple multipole expansions for elastic scattering,” J. Acoust.
Soc. Am. 100, 2969–2979 (1996).
72D. I. Kaklamani and H. T. Anastassiu, “Aspects of the method of auxiliary
sources (MAS) in computational electromagnetics,” IEEE Antennas Propag. Mag.
44, 48–64 (2002).

73E. Moreno, D. Erni, C. Hafner, and R. Vahldieck, “Multiple multipole method
with automatic multipole setting applied to the simulation of surface plasmons in
metallic nanostructures,” J. Opt. Soc. Am. A 19, 101–111 (2002).
74G. Tayeb and S. Enoch, “Combined fictitious-sources–scattering-matrix
method,” J. Opt. Soc. Am. A 21, 1417–1423 (2004).
75E. Moreno, D. Erni, and C. Hafner, “Modeling of discontinuities in photonic
crystal waveguides with the multiple multipole method,” Phys. Rev. E 66, 036618
(2002).
76H.-Y. Xu and Y.-C. Lai, “Pseudospin-1 wave scattering that defies chaos
Q-spoiling and Klein tunneling,” Phys. Rev. B 99, 235403 (2019).
77H.-Y. Xu and Y.-C. Lai, “Anomalous chiral edge states in spin-1 Dirac quantum
dots,” Phys. Rev. Res. 2, 013062 (2020).
78C.-Z. Wang, H.-Y. Xu, and Y.-C. Lai, “Scattering of Dirac electrons from
a skyrmion: Emergence of robust skew scattering,” Phys. Rev. Res. 2, 013247
(2020).
79C.-D. Han, H.-Y. Xu, and Y.-C. Lai, “Pseudospin modulation in coupled
graphene systems,” Phys. Rev. Res. 2, 033406 (2020).
80A. Krizhevsky, I. Sutskever, and G. E. Hinton, “ImageNet classification with
deep convolutional neural networks,” Commun. ACM 60, 84–90 (2017).
81S. Ioffe and C. Szegedy, “Batch normalization: Accelerating deep network train-
ing by reducing internal covariate shift,” in International Conference on Machine
Learning (PMLR, 2015), pp. 448–456.
82A. Paszke, S. Gross, F. Massa, A. Lerer, J. Bradbury, G. Chanan, T. Killeen,
Z. Lin, N. Gimelshein, L. Antiga et al., “PyTorch: An imperative style, high-
performance deep learning library,” Adv. Neural Inf. Process. Syst. 32, 1
(2019).
83P. Virtanen, R. Gommers, T. E. Oliphant, M. Haberland, T. Reddy, D. Cour-
napeau, E. Burovski, P. Peterson, W. Weckesser, J. Bright, S. J. van der Walt, M.
Brett, J. Wilson, K. J. Millman, N. Mayorov, A. R. J. Nelson, E. Jones, R. Kern,
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